Dominance of quantum over classical correlations: entropic and geometric
  approach by Walczak, Zbigniew et al.
ar
X
iv
:1
30
3.
03
66
v3
  [
qu
an
t-p
h]
  1
8 A
ug
 20
14
Dominance of quantum over classical correlations: entropic and geometric approach
Z. Walczak,∗ I. Wintrowicz, and K. Zakrzewska
Department of Theoretical Physics, University of Lodz, Pomorska 149/153, 90-236  Lo´dz´, Poland
(Dated: July 4, 2018)
Recently, it has been shown that there exist quantum states for which quantum correlations domi-
nate over classical correlations. Inspired by this observation, we investigate the problem of quantum
correlations dominance for two-qubit Bell diagonal states in the Ollivier–Zurek paradigm, using
both entropic and geometric approach to quantification of classical and quantum correlations. In
particular, we estimate numerically the amount of two-qubit Bell diagonal states for which quantum
correlations dominate over classical correlations, and vice versa. Moreover, we show that in general
these two approaches to quantification of correlations provide ambiguous results.
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I. INTRODUCTION
In quantum information science, the problem of quan-
tification of correlations present in quantum systems has
been intensively studied both theoretically and experi-
mentally for over two decades (for review, see [1–3]). The
most significant progress in this field has been achieved in
the framework of paradigm based on the entanglement-
separability dichotomy introduced by Werner [4].
In the Werner paradigm, the quantum entanglement
which is quantified by a vast number of different entangle-
ment measures is the only type of quantum correlations
that cannot exist without classical correlations (an op-
posite phenomenon has been reported recently for multi-
qubit states [5], however this result was questioned [6, 7])
and moreover quantum correlations do not dominate over
classical correlations.
However, it has become clear gradually that the
Werner paradigm is too narrow and needs reconsideration
because separable quantum states can have non-classical
correlations beyond quantum entanglement (see, e.g. [8–
12]).
The first step in this direction was taken by Ollivier
and Zurek [13] who introduced an entropic measure of
non-classical correlations called quantum discord. After
the discovery [14, 15] that non-classical correlations other
than entanglement can be responsible for the quantum
computational efficiency of deterministic quantum com-
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putation with one qubit [8], quantum discord became a
subject of extensive studies in different contexts [3].
Since evaluation of quantum discord involves a com-
plicated optimization procedure, a geometric measure of
non-classical correlations called geometric quantum dis-
cord was proposed to avoid this problem [16]. As in the
case of quantum discord, geometric quantum discord has
been extensively studied in different contexts [3].
Therefore, in the Ollivier–Zurek paradigm there exist
two internally coherent approaches to quantification of
classical and quantum correlations present in bipartite
quantum states.
Remarkably, in the Ollivier–Zurek paradigm quantum
correlations may dominate over classical correlations,
contrary to the Werner paradigm, as has been shown re-
cently in entropic approach to quantum and classical cor-
relations. In particular, this phenomenon was observed
for a two-parameter family of two-qubit Bell diagonal
states [17], as well as for the XXZ and XX spin chains
[18, 19].
In this article, we investigate the problem of quantum
correlations dominance for two-qubit Bell diagonal states
in the Ollivier–Zurek paradigm, using both entropic and
geometric approach. In particular, we estimate numeri-
cally the amount of two-qubit Bell diagonal states with
quantum correlations dominance and show that there ex-
ist two-qubit Bell diagonal states for which the two in-
ternally coherent approaches provide ambiguous results.
2II. ENTROPIC APPROACH TO QUANTUM
AND CLASSICAL CORRELATIONS
In quantum information theory, the quantum mutual
information
I(ρAB) = S(ρA) + S(ρB)− S(ρAB) (1)
quantifies the total correlations present in a bipartite
state ρAB, where ρA(B) is the reduced state of the sys-
tem A(B) and S(ρ) = −Tr(ρ log2 ρ) is the von Neumann
entropy.
The quantum conditional entropy
S(ρB|A) = S(ρAB)− S(ρA) (2)
allows one to rewrite the quantum mutual information in
the following form
I(ρAB) = S(ρB)− S(ρB|A). (3)
The fact that the quantum conditional entropy quanti-
fies the ignorance about the system B that remains if
we perform measurement on the system A allows one to
find alternative expressions for the quantum conditional
entropy and the quantum mutual information.
If the von Neumann projective measurement, described
by a complete set of one-dimensional orthogonal projec-
tors, {ΠAi }, corresponding to outcomes i, is performed,
then the post-measurement state of the system B is given
by
ρB|i = TrA[(ΠAi ⊗ I)ρAB(ΠAi ⊗ I)]/pAi (4)
where pAi = Tr[(Π
A
i ⊗ I)ρAB]. The von Neumann en-
tropies S(ρB|i), weighted by probabilities pAi , yield to
the quantum conditional entropy of the system B given
the von Neumann projective measurement on the system
A
S{ΠA
i
}(ρB|A) =
∑
i
pAi S(ρB|i), (5)
and thereby the quantum mutual information, induced
by this measurement, is defined by
J{ΠA
i
}(ρAB) = S(ρB)− S{ΠA
i
}(ρB|A). (6)
The measurement independent quantum mutual infor-
mation, interpreted as a measure of classical correlations
present in a bipartite state ρAB [13, 20], is defined by
C(ρAB) = max
{ΠA
i
}
J{ΠA
i
}(ρAB). (7)
In general case, I(ρAB) and C(ρAB) may differ and the
difference, interpreted in a natural way as a measure of
quantum correlations, is called quantum discord [13]
D(ρAB) = I(ρAB)− C(ρAB). (8)
The quantum discord D(ρAB) can be seen as the mini-
mal amount of correlations which are lost when the non-
selective von Neumann projective measurement is per-
formed on the system A [21, 22]. Moreover, the quantum
discord D(ρAB) is a lower bound for the global quantum
correlations present in a bipartite state ρAB [22].
Since evaluation of quantum discord involves a com-
plicated optimization procedure, the analytical expres-
sions for quantum discord are known only for two-qubit
Bell diagonal states [17], for seven-parameter two-qubit
X states [23] (not always correct exactly, but approxi-
mately correct with a very small absolute error [24]), for
two-mode Gaussian states [25, 26], for a class of two-
qubit states with parallel nonzero Bloch vectors [27] and
for two-qudit Werner and isotropic states [28]. Despite
this fact, quantum discord has been studied in differ-
ent contexts [3], for example such as complete positivity
of reduced quantum dynamics [29, 30], broadcasting of
quantum states [31], random quantum states [32], dy-
namics of quantum discord under both Markovian and
non-Markovian evolution [33–39], operational interpre-
tation of quantum discord [40, 41], connection between
quantum discord and entanglement irreversibility [42],
relation between quantum discord and distillable entan-
glement [43], relation between quantum discord and dis-
tributed entanglement [44–46], interplay between quan-
tum discord and quantum entanglement [17, 23, 47–49],
and monogamy of quantum discord [50, 51]. Moreover,
recently it has been shown that computing quantum dis-
cord is an NP-complete problem [52].
III. GEOMETRIC APPROACH TO QUANTUM
AND CLASSICAL CORRELATIONS
Because in the entropic approach it is difficult to com-
pute correlations present in a bipartite state ρAB, even
for a general two-qubit state, an alternative approach to
this issue was proposed, where different types of corre-
lations are quantified by a distance from a given state
3ρAB to the closest state which does not have the desired
property [53].
In geometric approach, quantum correlations are quan-
tified by a distance from the state ρAB to the closest zero-
discord state χAB and classical correlations are quantified
by a distance from the state χAB to the closest product
state piAB. Of course, the amount of correlations present
in a bipartite state ρAB is determined by the choice of
distance measure for quantum states.
Geometric quantum discord [16], the first measure of
quantum correlations in the geometric approach, is based
on the Hilbert–Schmidt distance. Because geometric
quantum discord involves a simpler optimization proce-
dure than quantum discord, the analytical expression for
geometric quantum discord was obtained for arbitrary
two-qubit states [16], as well as for arbitrary qubit-qudit
states [54, 55]. As in the case of quantum discord, geo-
metric quantum discord was studied in different contexts
[3], for example such as the quantum computational ef-
ficiency of deterministic quantum computation with one
qubit [16, 56], dynamics of the geometric quantum dis-
cord [57–62], relation between the geometric quantum
discord and other measures of non-classical correlations
[47, 63–67].
However, recently it has been shown that contrary to
quantum discord, geometric quantum discord is not a
bona fide measure of quantum correlations, as has been
shown explicitly in [68], because of the lack of contractiv-
ity of the Hilbert–Schmidt norm, adopted as a distance
measure, under trace-preserving quantum channels [69].
Taking into account that the Hilbert–Schmidt norm is
a special case of the Schatten p-norm (for p = 2), geo-
metric quantum discord based on the Schatten p-norm,
adopted as a distance measure for quantum states, was
introduced
Dp(ρAB) = min
χAB
||ρAB − χAB||pp, (9)
where the minimum is over all zero-discord states χAB,
||X ||p = [Tr((X†X)p/2)]1/p is the Schatten p-norm and p
is a positive integer number [70].
Recently, it has been shown that only the Schatten
1-norm is contractive under trace-preserving quantum
channels [71]. Therefore in the geometric approach,
quantum correlations present in a bipartite state ρAB
are quantified by
D1(ρAB) = min
χAB
||ρAB − χAB||1, (10)
where ||X ||1 = Tr[
√
X†X ] is the trace norm [71], and
classical correlations present in a bipartite state ρAB are
quantified by
C1(ρAB) = min
piAB
||χAB − piAB||1, (11)
where the minimum is over all product states piAB [72].
Of course, D1(ρAB) and C1(ρAB) are defined up to a
multiplicative constant (see e.g., [72, 73]).
The analytical expression for geometric quantum dis-
cordD1(ρAB) has been obtained for two-qubit Bell diago-
nal states [71, 74] and for two-qubit X states [73]. More-
over, dynamics of geometric quantum discord D1(ρAB)
under Markovian evolution has been studied both theo-
retically [72, 75] and experimentally [76].
IV. DOMINANCE OF QUANTUM
CORRELATIONS OVER CLASSICAL
CORRELATIONS FOR TWO-QUBIT BELL
DIAGONAL STATES
Two-qubit Bell diagonal states have the following form
[77]
ρAB =
1
4
(I ⊗ I +
3∑
i=1
ci σi ⊗ σi), (12)
where matrices σi are the Pauli spin matrices and real
numbers ci fulfill four conditions
0 ≤ 1
4
(1− c1 ∓ c2 ∓ c3) ≤ 1, (13a)
0 ≤ 1
4
(1 + c1 ∓ c2 ± c3) ≤ 1. (13b)
The above inequalities describe a tetrahedron with ver-
tices (±1,±1,−1) and (±1,∓1, 1) corresponding to Bell
states |ψ±〉 = 1√
2
(|01〉±|10〉) and |φ±〉 = 1√
2
(|00〉±|11〉),
respectively [77].
In the entropic approach, classical and quantum cor-
relations present in two-qubit Bell diagonal states are
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FIG. 1. (Color online) Plot of C1(ρAB) − D1(ρAB) versus
C(ρAB) − D(ρAB) for 10
5 random two-qubit Bell diagonal
states.
quantified by [17]
C(ρAB) =
1
2
[(1 − α) log2(1− α) + (1 + α) log2(1 + α)],
(14a)
D(ρAB) =
1
4
[(1 − c1 − c2 − c3) log2(1− c1 − c2 − c3)
+ (1− c1 + c2 + c3) log2(1− c1 + c2 + c3)
+ (1 + c1 − c2 + c3) log2(1 + c1 − c2 + c3)
+ (1 + c1 + c2 − c3) log2(1 + c1 + c2 − c3)]
− 1
2
[(1 − α) log2(1− α) + (1 + α) log2(1 + α)],
(14b)
where α is the maximum value of |c1|, |c2| and |c3|.
And in the geometric approach, the amount of classi-
cal and quantum correlations present in two-qubit Bell
diagonal states are quantified by [72]
C1(ρAB) = −1 +
√
1 + α, (15a)
D1(ρAB) =
1
2
β, (15b)
where β is the intermediate value of |c1|, |c2| and |c3|.
Evaluation of classical and quantum correlations for
ten samples of 107 random two-qubit Bell diagonal states
shows that for (80.612 ± 0.021)% of these states quan-
tum correlations do not dominate over classical corre-
lations, i.e. for these states C(ρAB) > D(ρAB) and
C1(ρAB) > D1(ρAB) (the first quarter of Fig. 1). But
for (5.294± 0.008)% of the random two-qubit Bell diag-
onal states quantum correlations dominate over classical
correlations, i.e. for these states C(ρAB) < D(ρAB) and
C1(ρAB) < D1(ρAB) (the third quarter of Fig. 1).
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FIG. 2. (Color online) Plot of C(ρAB) − D(ρAB) (blue line)
and C1(ρAB) − D1(ρAB) (red line) versus c1 for two-qubit
Bell diagonal states with −1/3 ≤ c1 ≤ 2/3, c2 = 1/9 and
c3 = −1/3.
Therefore, the two approaches to quantification of clas-
sical and quantum correlations provide unambiguous re-
sults for about 86% of two-qubit Bell diagonal states.
However, for (5.345±0.009)% of the random two-qubit
Bell diagonal states quantum correlations dominate over
classical correlations in the entropic approach and vice
versa in the geometric approach, i.e. for these states
C(ρAB) < D(ρAB) and C1(ρAB) > D1(ρAB) (the second
quarter of Fig. 1), and for (8.748 ± 0.009)% of the ran-
dom two-qubit Bell diagonal states quantum correlations
dominate over classical correlations in the geometric ap-
proach and vice versa in the entropic approach, i.e. for
these states C(ρAB) > D(ρAB) and C1(ρAB) < D1(ρAB)
(the fourth quarter of Fig. 1).
Remarkably, the two internally coherent approaches
to quantification of classical and quantum correlations
provide ambiguous results concerning quantum correla-
tions dominance for about 14% of two-qubit Bell diagonal
states.
V. EXAMPLES
For two-qubit Bell diagonal states with
−1/3 ≤ c1 ≤ 2/3, c2 = 1/9, c3 = −1/3 (16)
the function C(ρAB)−D(ρAB) has two zeros (Fig. 2)
a1 ≃ −0.2538596469, a2 = 1/3, (17)
5and the function C1(ρAB) − D1(ρAB) has three zeros
(Fig. 2)
b1 = −4/
√
3 + 2, b1 = 4/
√
3− 2, b3 = 13/36, (18)
where b1 < a1 < b2 < a2 < b3.
A. Example 1
For two-qubit Bell diagonal states with
b3 < c1 ≤ 2/3, c2 = 1/9, c3 = −1/3 (19)
quantum correlations do not dominate over classical cor-
relations, i.e. for these states C(ρAB) > D(ρAB) and
C1(ρAB) > D1(ρAB).
B. Example 2
For two-qubit Bell diagonal states with
−1/3 ≤ c1 < b1, c2 = 1/9, c3 = −1/3 (20)
quantum correlations dominate over classical correla-
tions, i.e. for these states C(ρAB) < D(ρAB) and
C1(ρAB) < D1(ρAB).
C. Example 3
For two-qubit Bell diagonal states with
b1 < c1 < a1, c2 = 1/9, c3 = −1/3 (21)
quantum correlations dominate over classical correlations
in the entropic approach and vice versa in the geometric
approach, i.e. for these states C(ρAB) < D(ρAB) and
C1(ρAB) > D1(ρAB).
D. Example 4
For two-qubit Bell diagonal states with
a2 < c1 < b3, c2 = 1/9, c3 = −1/3 (22)
quantum correlations dominate over classical correlations
in the geometric approach and vice versa in the entropic
approach, i.e. for these states C(ρAB) > D(ρAB) and
C1(ρAB) < D1(ρAB).
VI. SUMMARY
We have investigated the problem of quantum correla-
tions dominance for two-qubit Bell diagonal states in the
entropic as well as the geometric approach to quantifica-
tion of classical and quantum correlations.
In particular, we have shown numerically that these
two approaches provide unambiguous results for about
86% of two-qubit Bell diagonal states. Namely, for about
81% of these states quantum correlations do not domi-
nate over classical correlations, but for about 5% of these
states quantum correlations dominate over classical cor-
relations.
Moreover, we have discovered numerically that these
two internally coherent approaches provide ambiguous
results for about 14% of two-qubit Bell diagonal states.
Namely, for about 5% of the random two-qubit Bell diag-
onal states quantum correlations dominate over classical
correlations in the entropic approach and vice versa in
the geometric approach, but for about 9% of these states
quantum correlations dominate over classical correlations
in the geometric approach and vice versa in the entropic
approach. This remarkable phenomenon is important
both from a theoretical and an experimental point of
view, because it shows that two widely used approaches
to quantification of classical and quantum correlations
present in quantum states are not fully equivalent and in
general they provide ambiguous results.
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